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9.4.1 Twist and wal

g of shear loaded closed section beams
Shear loads which are not applied through the shear centre of a closed section beam
cause cross-sections to twist and warp; that s, in addition to rotation, they suffer out
of plane axial displacements. Expressions for these quantities may be derived in terms
of the shear flow distribution g, as follows. Since ¢ = 7¢ and 7 = G (see Chapter 1)
then we can express g, in terms of the warping and tangential displacements w and v,
of a point in the beam wall by using Eq. (9.26). Thus

B O,
4= GI(E'FE) (9.39)
Substituting for dv,/8z from Eq. (9.30) we have
Ow df du
BHGTE wsw+—smw (9.40)

Integrating Eq. (9.40) with respect to s from the chosen origin for s and noting that G
may also be a function of s, we obtain
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where Aq, is the area swept out by a generator, centre at the origin of axes, O, from
the origin for s to any point s around the cross-section. Continuing the integration
completely around the cross-section yields, from Eq. (9.41)

gy 2490
th"_udt
from which
6 _1fq
=% " (9.42)

Substituting for the rate of twist in Eq. (9.41) from Eq. (9.42) and rearranging. we
obtain the warping distribution around the cross-section
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Using Egs (9.31) to replace du/dz and dv/dz in Eq. (9.43) we have
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The last two terms in Eq. (9.44) represent the effect of relating the warping displace-
ment to an arbitrary origin which itself suffers axial displacement due to warping. In
the case where the origin coincides with the centre of twist R of the section then
Eq. (9.44) simplifies to
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In problems involving singly or doubly symmetrical sections, the origin for s may be
taken to coincide with a point of zero warping which will occur where an axis of sym-
metry and the wall of the section interscet. For unsymmetrical sections the origin for s
may be chosen arbitrarily. The resulting warping distribution will have exactly the
same form as the actual distribution but will be displaced axially by the unknown
warping displacement at the origin for 5. This value may be found by referring to
the torsion of closed section beams subject to axial constraint (see Section 11.3). In
the analysis of such beams it is assumed that the direct stress distribution set up by
the constraint is directly proportional to the free warping of the section, i.c.

= constant x w
Also, since a pure torque is applied the resultant of any internal direct stress system
must be zero, in other words it is self-equilibrating. Thus

Resultant axial load = § otds

where o is the direct stress at any point in the cross-section. Then, from the above
assumption
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so that

9.4.2 Shear centre

‘The shear centre of a closed section beam is located in a similar manner to that
described in Section 9.3 for open section beams. Therefore, to determine the coordi-
nate £ (referred to any convenient point in the cross-section) of the shear centre S of
the closed section beam shown in Fig. 9.25, we apply an arbitrary shear load S,
through S, calculate the distribution of shear flow g, due (o S, and then equate
internal and external moments. However, a difficulty arises in obtaining g, since,
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Fig. 9.25 Shear centre of a closed section beam.

at this stage, it is impossible to equate internal and external moments to produce an
equation similar to Eq. (9.37) as the position of S, is unknown. We therefore use the
condition that a shear load acting through the shear centre of a section produces zero
twist. It follows that d9/dz in Eq. (9.42) is zero so that
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which gives
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1f Gt = constant then Eq. (9.47) simplifies to

4 (9.47)

(9.48)

The coordinate g is found in a similar manner by applying S, through S.

Example 9.6

A thin-walled closed section beam has the singly symmetrical cross-section shown in
Fig. 9.26. Each wall of the section is flat and has the same thickness ¢ and shear
modulus G. Calculate the distance of the shear centre from point 4.

The shear centre clearly lies on the horizontal axis of symmetry so that it is only
necessary to apply a shear load S, through S and to determine &. If we take the x
reference axis to coincide with the axis of symmetry then I, = 0, and since S, = 0
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Fig. 9.26 Closed section beam of Example 96.
Eq. (9.35) simplifies to
S, [ )
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Evaluating this expression gives I, = 115221,
‘The basic shear flow distribution gy is obtained from the first term in Eq. (i). Thus,
for the wall 41

in which
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which gives
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The g, distributions in the walls 23 and 34 follow from symmetry. Hence from
Eq. (9.48)
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giving
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Taking moments about the point 2 we have
"
(s +9a) = zj g1 7asinfds,
o

or
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We may replace sinf by sin(8, — 6) = sinf), cos 6y — cosf) sind; where sinf, =
15/17, cosfs = 8/10, coséy = 8/17 and sin6, = 6/10. Substituting these values
and integrating Eq. (v) gives

&= -335¢

which means that the shear centre is inside the beam section.
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| 9.5 Torsion of closed section beams

A closed section beam subjected o a pure torque 7 as shown in Fig. 9.27 docs not. in
the absence of an axial constraint, develop a direct stress system. It follows that the
equilibrium conditions of Eqs (9.22) and (9.23) reduce to dg/ds = 0 and dg/dz = 0
respectively. These relationships may only be satisfied simultanzously by a constant
value of g. We deduce, therefore. that the application of a pure torque to a closed
section beam results in the development of a constant shear flow in the beam wall.
However, the shear stress 7 may vary around the cross-section since we allow the
wall thickness  to be a function of s. The relationship between the applicd torque
and this constant shear flow is simply derived by considering the torsional equilibrium
of the section shown in Fig. 9.28. The torque produced by the shear flow acting on an
clement 8 of the beam wall is pgbs. Hence

‘r:%,wdv

24 (as before)
T=24q (9.49)

or, since ¢ is constant and § pds
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Fig. 9.27 Torsion of a cosed section beam.
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Fig. 9.28 Determination of the shear flow distribution in a dosed section beam subjected to torsion.
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Note that the origin O of the axes in Fig. 9.28 may be positioned in or outside the
cross-section of the beam since the moment of the internal shear flows (whose resul-
tant is a pure torque) is the same about any point in their plane. For an origin outside
the cross-section the term §pds will involve the summation of positive and negative
areas. The sign of an area is determined by the sign of p which itself s associated with
the sign convention for torque as follows. If the movement of the foot of p along the
tangent at any point in the positive direction of s leads to an anticlockwise rotation of
p about the origin of axes, p is positive. The positive direction of s is in the positive
direction of ¢ which is anticlockwise (corresponding to a positive torque). Thus, in
Fig. 9.29 a generator OA, rotating about O, wil initially sweep out a negative area
since p, is negative. At B, however, pg is positive so that the area swept out by the
generator has changed sign (at the point where the tangent passes through O and
p=0). Positive and negative areas cancel each other out as they overlap so that as
the generator moves completely around the section, starting and returning to A
say, the resultant area is that enclosed by the profile of the beam.
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Fig. 9.29 Sign convention for swept areas.
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‘The theory of the torsion of closed section beams is known as the Bredt-Batho
theory and Eq. (9.49) is often referred to as the Bredi~Batho formula.

9.5.1 Displacements associated with the Bredt-Batho shear flow

The relationship between ¢ and shear strain y established in Eq. (9.39), namely
e,
7= G'( %t )

is valid for the pure torsion case where ¢ is constant. Differentiating this expression
with respect to z we have
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or
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In the absence of direct stresses the longitudinal strain w/@z(= .) is zero so that
Fu

52 =0
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constant shear flow. Thus

_ [ds A [ds
mowo=af G-l
Replacing ¢ from Eq. (9.49) we have

oy —wp =18 (i%_%) (9.53)

where

ds " ds
Lfa and io,—laa

‘The sign of the warping displacement in Eq. (9.53) is governed by the sign of the
applied torque 7" and the signs of the parameters 8o, and Aq,. Having specified
initially that a positive torque is anticlockwise, the signs of fo, and Ao, are fixed in
that 8o, is positive when s is positive, ie. s is taken as positive in an anticlockwise
sense, and Ao, i positive when, as before, p (see Fig. 9.29) s positive.

We have noted that the longitudinal strain ¢, is zero in a closed section beam sub-
jected to a pure torque. This means that all sections of the beam must possess identical
warping distributions. In other words longitudinal generators of the beam surface
remain unchanged in length although subjected to axial displacement.

Example 9.7
Determine the warping distribution in the doubly symmetrical rectangular, closed
section beam, shown in Fig. 9.30, when subjected to an anticlockwise torque T.
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From symmetry the centre of twist R will coincide with the mid-point of the cross-
section and points of zero warping will lic on the axes of symmetry at the mid-points
of the sides. We shall therefore take the origin for s at the mid-point of side 14 and
measure s in the positive, anticlockwise, sense around the section. Assuming the
shear modulus G to be constant we rewrite Eq. (9.53) in the form

@

Fig. 9.30 Torson of a rectangular section bea.
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Note that 6o, and Ao, are both positive.

(i)

Substitution for 8o, and Ao, from Eq. (i) in Eq. (i) shows that the warping distribu-
tion in the wall 01, wyy, is linear. Also

LT (b a)[_ b s
= hbGz(’a+‘a)[2(b/’a+a/l. @ ]

which gives

e ()
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‘The remainder of the warping distribution may be deduced from symmetry and the
fact that the warping must be zcro at points where the axes of symmetry and the
walls of the cross-section intersect. It follows that
[ ——

giving the distribution shown in Fig. 9.31. Note that the warping distribution will take
the form shown in Fig. 9.31 as long as T'is positive and b/t, > at,. If either of these
conditions s reversed w; and w; will become negative and w, and wy positive. In the
case when b/t, = a1, the warping is zero at all points in the cross-section.

Fig. 9.31 Warping distribution in the rectangular section beam of Example 9.7.
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Fig. 9.32 Abitrary orgin for s

Suppose now that the origin for s is chosen arbitrarily at, say, point 1. Then, from
Fig. 9.32, 6o, in the wall 12 = 5,/1, and Ao, = 45,6/2 = 5,b/4 and both are positive.
Substituting in Eq. (i) and setting wo = 0

TS (s 8
e =g (228 @

50 that w}, varies linearly from zero at 1 to

T | Eorear
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at 2. Thus
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The warping distribution therefore varies linearly from a value
—T(b/1, — a/t,)/4abG at 2 to zero at 3. The remaining distribution follows from
symmetry so that the complete distribution takes the form shown in Fig. 9.33.
Comparing Figs 9.31 and 9.3 it can be seen that the form of the warping distribu-
tion is the same but that in the latter case the complete distribution has been displaced
axially. The actual value of the warping at the origin for s is found using Eq. (9.46).
Thus

wo= gy (Jo et + [ o) o
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Fig. 9.3 Warping disrbution produced by selecting an arbitrary origin for s
Substituting in Eq. (vii) for w}, and wh from Eqs (iv) and (vi) respectively and

cvaluating gives
T (b a
¥ = " 5abG (T,'E) i

Subtracting this value from the values of w}(=0) and w4(= —T(b/1, — a/1,)/4abG)
we have

w=l (2
=86 \ 1
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as before. Note that setting wo = 0 in Eq. (i) implies that 1y, the actual value of
warping at the origin for s, has been added to all warping displacements. This
value must therefore be subtracted from the calculated warping displacements (i.e.
those based on an arbitrary choice of origin) to obtain true values.

It s instructive at this stage to examine the mechanics of warping to see how it
arises. Suppose that each end of the rectangular section beam of Example 9.7 rotates
through opposite angles 0 giving a total angle of twist 26 along its length L. The
corner | at one end of the beam is displaced by amounts af/2 vertically and 56/2
horizontally as shown in Fig. 9.34. Consider now the displacements of the web and
cover of the beam due to rotation. From Figs 9.34 and 9.35(a) and (b) it can be
seen that the angles of rotation of the web and the cover are, respectively

o = (00/2/(1(2) = a8/
and
6a = (b6/2)/(L/2) = bO/L
‘The axial displacements of the corner 1 in the web and cover are then
bao abo
31 3L
respectively, as shown in Figs 9.35(a) and (b). In addition to displacements produced by
twisting, the webs and covers are subjected to shear strains 7, and 7, corresponding to
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Fig. 9.34 Twisting of a rectanguer secton bear.

the shear stress system given by Eq. (9.49). Due to =, the axial displacement of corner |
in the web is 7,4/2 in the positive z direction while in the cover the displacement is
7,/2 in the negative z direction. Note that the shear strains 7, and ~, correspond to
the shear stress system produced by a positive anticlockwise torque. Clearly the total
axial displacement of the point 1 in the web and cover must be the same so that

bao b ek

TITtMTIT
from which
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‘The shear strains are obtained from Eq. (9.49) and are
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%= 2abGr," "= 2abG1,

Displacement due to rotation

(a) Web (6) Cover
Fig. 9.35 Displacements due to twist and shear strin.
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The total angle of twist from end to end of the beam is 26, therefore
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as in Eq. (9.52).

Substituting for  in cither of the expressions for the axial displacement of the
corner 1 gives the warping ) at 1. Thus
ab TL (a b ) T a

a,t a

Lo

" 2abG1, 2
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as before. It can be seen that the warping of the cross-section is produced by a com-
bination of the displacements caused by twisting and the displacements due to the
shear strains; these shear strains correspond to the shear stresses whose values are
fixed by statics. The angle of twist must therefore be such as to ensure compatibility
of displacement between the webs and covers.
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9.4 Shear of closed section beams

The solution for a shear loaded closed section beam follows a similar pattern to that
described in Section 9.3 for an open section beam but with two important differences.
First. the shear loads may be applied through points in the cross-section other than
the shear centre so that torsional as well as shear effects are included. This is possible
since. as we shall see, shear stresses produced by torsion in closed section beams have
exactly the same form as shear stresses produced by unlike shear stresses due to
shear and torsion in open section beams. Sccondly. it is generally not possible to
choose an origin for s at which the value of shear flow is known. Consider the
closed section beam of arbitrary section shown in Fig. 9.23. The shear loads S, and
S, are applied through any point in the cross-section and. in general. cause direct
bending stresses and shear flows which arc related by the equilibrium equation
(9.22). We assume that hoop stresses and body forces are absent. Thus

a0,
Ly
s

From this point the analysis is identical to that for a shear loaded open section beam
until we reach the stage of integrating Eq. (9.33), namely
"y Suly S,
j., awh= ( 1o,

o\ [ Sy =S\ [
% )Jn"d"( [N )[.""‘
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Fig. 9.23 Shear of dlosed section beams.

Let us suppose that we choose an origin for s where the shear flow has the unknown
value g,o. Integration of Eq. (9.33) then gives

R »(s.l‘.—syl‘.)r,mf (S,L, -s,l,.) rw

Il 15 b Tty 5
or
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We observe by comparison of Egs (9.35) and (9.34) that the first two terms on the
right-hand side of Eq. (9.35) represent the shear flow distribution in an open section
beam loaded through its shear centre. This fact indicates a method of solution for a
shear loaded closed section beam. Representing this ‘open’ section or *basic’ shear
flow by gy, we may write Eq. (9.35) in the form
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We obtain g, by supposing that the closed beam section is ‘cut’ at some convenient
point thereby producing an ‘open’ section (see Fig. 9.24(b). The shear flow

(b)
Fig. 9.24 (2) Determination of q,; (o) equivalent loading on open secton beam.
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distribution () around this ‘open’ section is given by

(SXI S, 1,,) J' s — (s,l,,
Lady =13 ) o Iy, — T3,

as in Section 9.3. The value of shear flow at the cut (s = 0) is then found by equating
applied and internal moments taken about some convenient moment centre. Thus,
from Fig. 9.24(a)

Sa = Sy :§Md4 = %mdﬁqm%pds
where § denotes integration completely around the cross-section. In Fig. 9.24(a)

64=14ssp
50 that

Hence

$pas=24

where A is the area enclosed by the mid-line of the beam section wall. Hence

S S,60 = pan s+ 240, ©0.37)
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If the moment centre is chosen to coincide with the lines of action of Sy and S, then
Eq. (9.37) reduces to

Oz*mdﬁ-uw (9.38)

The unknown shear flow g, follows from cither of Eqs (9.37) or (9.38).

It is worthwhile to consider some of the implications of the above process.
Equation (9.34) represents the shear flow distribution in an open section beam for
the condition of zero twist. Therefore, by ‘cutting’ the closed section beam of Fig.
9.24(a) to determine gy, we are, in effect, replacing the shear loads of Fig. 9.24(a)
by shear loads S, and S, acting through the shear centre of the resulting ‘open’ section
beam together with a torque 7' as shown in Fig. 9.24(b). We shall show in Section 9.5
that the application of a torque to a closed section beam results in a constant shear
flow. In this case the constant shear flow g, corresponds to the torque but will
have different values for different positions of the ‘cut’ since the corresponding
various ‘open’ section beams will have different locations for their shear centres.
An additional cffect of ‘cutting’ the beam is to produce a statically determinate
structure since the g, shear flows are obtained from statical equilibrium considera-
tions. It follows that a single cell closed section beam supporting shear loads is
singly redundant.




